Three dimensional truncated pyramidal quantum dots are simulated numerically to compute the energy states and the wave functions. The simulation of the heterostructures is realized by using a novel finite volume scheme to solve the Schrödinger equation. The simulation benefits greatly from the finite volume scheme in threefold. Firstly, the Ben Daniel-Duke hetero-junction interface condition is ingeniously embedded into the scheme. Secondly, the scheme uses uniform meshes in discretization and leads to simple computer implementation. Thirdly, the scheme is efficient as it achieves second order convergence rates over varied mesh sizes. The scheme has successfully computed all the confined energy states and visualized the corresponding wave functions. The results further predict the relation of the energy states and wave functions versus the height of the truncated pyramidal quantum dots.
Introduction
Recent advances in fabrication of semiconductor quantum dots (QD) have attracted many related studies. In this paper, we focus on truncated pyramidal QDs that have been studied intensively in, for example, [3] [4] [5] [6] 11, 12, [14] [15] [16] .
Due to the complicated nature of the Schrödinger equation that model the QDs, numerical simulations have played important roles in investigating QDs' physical properties and applications. However, many of the existed numerical schemes assume that the QDs have simple geometric shapes like cylinder [9, 17] , cone [10] , or pyramid [2, 8, 13] . Consequently these numerical schemes are not suitable for the truncated pyramidal QDs.
In this paper, we develop simple numerical schemes to simulate three dimensional (3D) truncated pyramidal QDs. The schemes allow us to efficiently compute all the relevant energy states (eigenvalues of the Schrödinger equation) and the corresponding wave functions (eigenvectors) of a 3D truncated pyramidal QD. The proposed schemes take advantage of the truncated pyramidal QD geometric structure to embed the truncated pyramidal QD into a Cartesian coordinate with uniform mesh. The uniform mesh discretization makes the computer implementation much simpler, without sacrificing the accuracy even the wave functions change rapidly around the hetero-junctions. Specifically, the numerical experiments show that our numerical schemes achieve a second order accuracy. Furthermore, the schemes choose the mesh points carefully so that the Schrödinger equation can be discredited using a finite volume method that automatically builds in the interface conditions. In addition, the Jacobi-Davidson method allows us to efficiently solve the large-scale eigenvalue systems arising in the discretization process.
The rest of the paper is organized as follows. We first describe the truncated pyramidal quantum dot model in Section 2. Then we illustrate the main idea of the finite volume scheme over a 2D trapezoid QD in Section 3. The 3D finite volume discretizations can be generalized straightforwardly, though the process is quite lengthy. We list the resulting 3D formulas in Appendix. The large scale eigenvalue systems are solved efficiently by the Jacobi-Davidson method that is introduced briefly in Section 3.1. Numerical examples are reported and analyzed in Section 4. Finally we close the paper with a few concluding remarks in Section 5.
The model and numerical schemes
We consider the system that a truncated pyramidal QD is embedded in a cubical matrix. Figure 1 shows the structure schema of the system. The heights of the QD and the matrix are denoted by H d and H m , respectively. The widths of the square bases of the QD and the matrix are denoted by W d and W m , respectively. The governing single-particle Schrödinger equation is given by whereh is the reduced Plank constant, λ is the unknown energy state (eigenvalue) and u(x, y, z) is the corresponding wave function (eigenvector). The effective electron mass m and confinement potential c are material constants. Therefore they are discontinuous across the hetero-junction. Let m = m 1 in the dot, m 2 in the matrix, c = c 1 in the dot, c 2 in the matrix.
Associated with the discontinuity in m is the following Ben Daniel-Duke in-
where D denotes the domain of the truncated pyramidal dot and n represents the normal direction. Note that the + and − signs in D + and D − denote the corresponding outward normal derivatives on the interface that are defined for the matrix and the dot regions, respectively. Finally, the Dirichlet boundary conditions
are prescribed on the boundary of the matrix.
The discretization of the Schrödinger equation
We now explain how we discretize the Schrödinger equation by the finite volume method. Main ideas for a two dimensional trapezoid (truncated triangle) will be discussed in detail. Lengthy step-by-step exposition of a truncated pyramid will be skipped, as it is simply a straightforward generalization of the 2D case. However, we do provide the resulting 3D discretization formulas in Appendix.
First we define L, M , and N uniform mesh points along the x, y, and z directions, respectively. The mesh points should be chosen properly to fit the interface of the QD in the sense that the no two adjacent mesh points cross the interfaces. See Figure 2 as a 2D mesh scheme example. In the figure, each of the mesh points is labeled by a specific number to identify its location. Furthermore, the mesh sizes are denoted by ∆x, ∆y, and ∆z and the notation u i,j,k is used to represent the solution of Eq.
(1) at the mesh point (
The differential operators of the Schrödinger equation (1) are then approximated on the chosen mesh points. For the points located in the exterior (label 0 in Figure 2 ) and interior (label 1) of the QD, we simply apply classical secondorder five-point finite differences. For the mesh points that are located on the hetero-junction (labels 2 − 5, 8, and 9), the finite volume schemes described in [8] are applied directly.
Special treatment of the upper corner points (labels 6 and 7) is necessary. Here we present the finite volume method on the upper-right corner point (label 6). The case for the upper-left corner point (label 7) is similar. For clarity and simplicity, we define
and then rewrite the Schrödinger equation (1) and the interface condition (3) as
and
where m As shown in Figure 3 , we take a rectangle control volume Ω that is centered at the upper right corner mesh point with length in x and y directions be equal to ∆x and ∆y, respectively. We denote the east, north, west, and south boundary of Ω as ∂Ω e , ∂Ω n , ∂Ω w , and ∂Ω s , respectively. By taking the integral of Eq. (1) and applying the Green's Theorem, we can rewrite the equation as
It is clear that the integrals − ∂Ω m ∂u ∂n over ∂Ω e , ∂Ω s , and ∂Ω n can be approximated by
respectively. As to the integral over ∂Ω w , we assign three virtual mesh points p, q, and r as shown in Figure 3 . These virtual mesh points are created due to the following reason. The west line integral here crosses both the exterior and interior of the QD and the effective mass function is discontinuous. By dividing ∂Ω w into two segments rq and qp and using the facts that
we can derive the west line integral as follows.
Combining the approximations discussed above, the left hand side of Eq. (8) becomes
Furthermore, the right hand side of Eq. (8) becomes
Eqs. (9) and (10) finally lead to the following finite volume scheme for the upper-righr corner point
or equivalently
Eq. (12) also suggests that the discretization can be composed by the line average of m and the area average of c over the control cell. The 3D formulas shown in the appendix can be understood in the similar manner.
The resulting eigenvalue problems
The derivation of the 3D scheme is a straightforward generalization of the 2D scheme discussed above. In the appendix, we present the detailed formulas for all mesh points. The 3D finite volume discretization also leads to the formulas summarized in the appendix. Combining these formulas suitably results in the linear eigenvalue problem Au = λu,
where A is a sparse matrix with nonzero entries located in the main diagonal and six off-diagonals. We then apply the Jacobi-Davidson method proposed in [8] to solve Eq. (13). See, for example, [8,7,17] for more discussions on solving the large-scale eigenvalue problems arising in numerical simulation of quantum dots by Jacobi-Davidson methods.
Computational results
The algorithms have been implemented by Fortran 90 programming language to conduct numerical experiments. The experiments simulate the QD structure that an InAs QD is embedded in the GaAs cuboid. The experiments aim to explore the validity and convergence rate of the algorithms, to compute all the bounded energy states and the corresponding wave functions, and to predict the effect of truncation volume on energy states. 
Rate of convergence
We first check the convergence behavior of the discretization scheme on various QD geometric shapes. We compute all the bounded state energy levels for various mesh sizes. As mesh refines, the rate of convergence is measured by
where λ
is the eigenvalue computed with mesh size h. Table 4 shows the matrix dimensions, the approximate eigenvalues (denoted by λ 1 , λ 2 , and λ 3 ), and the corresponding convergence rates. It is clear that our finite volume scheme achieves second order convergence rate for various QD structures. That is the error of the scheme is in O(h 2 ). Note that similar convergence behavior are obtained in our experiments for H d = 3.875, 1.5500, and 0.7750 nm, though the results are not shown in the table.
Effects of truncated volume towards energy levels
Now we investigate the effect of the truncation volume towards the energy states. Figure 5 shows the energy levels for various truncated QDs. The QD heights rang between 1.0 nm and 6.0 nm. The mesh point numbers (L, M, N ) = (64, 64, 46). Examining the results, we highlight the following observations.
• The energy values increase as the heights of the QDs are decreasing.
• The volume of the truncated pyramidal QDs affects the ground state energy larger than that of the excited state energies. To be specific, for the ground state energy levels, the values changes little (less than 0.002 eV) for QD heights are between 4.84 nm and 6.00 nm. However, for the excited states, the energy values remain similar (with difference less than 0.002 eV) for QD heights are between 3.29 nm and 6.00 nm. 
Computational results of wave functions
We finally demonstrate the visualization results of the wave functions. Figure 6 illustrates three dimensional wave functions for H d = 4.65 nm and 2.325 nm. In addition, Figure 7 demonstrates the ground state wave function contours for various truncated QDs in 2D. The contours are plotted on a vertical crosssection passing through the center of the QDs. The figure clearly illustrates how the shapes of the truncated QDs affect the wave functions. In the interior of the QDs, the wave functions are confined by the QDs. In the exterior of the QDs, the contour patterns are basically developed along the shapes of the QD hetero-junctions. We also observe that, as the QD heights becoming smaller, the maximums of the eigenvectors move from the point that is a little higher than the center of the QD to the center of the QD.
Conclusion
Aiming at the Schrödinger equation modeling the three dimensional truncated pyramidal quantum dots, we have developed a simple yet efficient finite volume scheme to solve the eigenvalue problem numerically. The discretization scheme has been derived in detail, with the discussion of how the induced large scale eigenvalue problems can be solved. Numerical results show that the scheme has successfully solved the Schrödinger equation so that we can quantify the energy levels and illustrate the 3D wave functions. The results further verify that the scheme has achieved second order convergence rates numerically for various truncated QD structures. The experiment results have also revealed the effect of how the truncated volume affects the values of energy levels and wave functions. Equipped with the proposed scheme, numerical simulations of other more complicated QD models, e.g. eight-band quantum dot model and vertical aligned QD array, would be possible. [13] C. Pryor. Quantum wires formed from coupled InAs/GaAs strained quantum dots. Phys. Rev. Lett., 80:3579-3581, 1998.
[14] C. Pryor. Geometry and material parameter dependence of InAs/GaAs quantum dot electronic structure. Phys. Rev. B, 60(4), 1999.
[15] M. Schmidbauer, Th. Wiebach, H. Raidt, M. Hanke, and R. Köhler. Ordering of self-assembled Si 1−x Ge x islands studied by grazing incidence small-angle x-ray scattering and atomic force microscopy. Appendix: The finite volume formulas for the 3D truncated pyramid
• Points in the exterior of the truncated pyramid:
• Points in the interior of the truncated pyramid:
• Points on the western surface of the truncated pyramid:
• Points on the eastern surface of the truncated pyramid:
• Points on the northern surface of the truncated pyramid:
• Points on the southern surface of the truncated pyramid:
• Points on the bottom surface of the truncated pyramid:
• Points on the southwestern edge of the truncated pyramid:
• Points on the southeastern edge of the truncated pyramid:
• Points on the northwestern edge of the truncated pyramid:
• Points on the northeastern edge of the truncated pyramid:
• Points on the western edge at the bottom of the truncated pyramid:
• Points on the eastern edge at the bottom of the truncated pyramid:
• Points on the southern edge at the bottom of the truncated pyramid:
• Points on the northern edge at the bottom of the truncated pyramid:
• The southwestern corner at the bottom of the truncated pyramid:
• The southeastern corner at the bottom of the truncated pyramid:
• The northwestern corner at the bottom of the truncated pyramid:
• The northeastern corner at the bottom of the truncated pyramid:
• Points on the upper bottom surface of the truncated pyramid:
• The northwestern corner at the upper bottom of the truncated pyramid: 
